Let (M,G) be a difFerentiable dynamical system, and σ be a transverse action for (M,G). We have a differentiable bundle (B, π, M, C) of C*-algebras with respect to a flat family T σ of local coordinate systems and we have a flat connection V in B. If G is connected, the bundle B is a disjoint union of p x (C*(Q)) (x € M), where Q is the groupoid associated with (M, G) and p x is the regular representation of C*{9). We show that, for /EC c°°( 5),a cross section cs(f) : x H-> ρ x (f) is difFerentiable with respect to the norm topology, and calculate a covariant derivative V(cs(/)). Though B is homeomorphic to the trivial bundle, the difFerentiable structure for B is not trivial in general. Let B σ be a subbundle of B generated by elements / with the property V(cs(/)) = 0. We show the triviality of the difFerentiable structure for B σ induced from that for B when C*{G) is simple. We have a bundle RM(B) of right multiplier algebras and it contains ΰasa subbundle. Let (M, G) be a Kronecker dynamical system and σ be a flow whose slope is rational. In this case, we have a subbundle D of RM{B) whose fibers are *-isomorphic to C(T). The flat connection V r in D is not trivial and the bundle B decomposes into the trivial bundle B σ and the non-trivial bundle D. Moreover, for a σ-invariant closed connected submanifold N of M with dimiV = 1, we show that C*(G\N) is *-isomorphic to C*(D X ,Φ X )^ where Φ x is the holonomy group of V r with reference point x. If G is not connected, we also have sufficiently many difFerentiable cross sections of B and calculate their covariant derivatives.
other algebras D such that D ® K, = A ® /C. Moreover, stable algebras do not have any identity elements. Therefore, given a stable C*-algebra C, we want to find C*-algebras A with the property A ® /C = C, especially unital ones with the property. We do not know any general answer to the question, but there is a method to construct such algebras A for foliation C*-algebras. Let (V, T) be a foliation and C*(V, .T 7 ) be the foliation C*-algebra introduced by A. Connes ([l] , [3] ). It follows from [10] that C*(V,T) is *-isomorphic to C*(Q\N)®JC, where Q is the holonomy groupoid of (V, T), where iV is a complete transverse submanifold and where the groupoid Q\N is the reduction of Q by N. Suppose that V is compact. If we have dim TV = codim.7 7 , then the C*-algebra C*(Q\N) is unital. To give an example, if (V,^7) is a Kronecker foliation, then the C*-algebra C*(Q\N) is the irrational rotation algebra AQ for an appropriate N. This example plays an important role in the theory of non-commutative differential geometry by A. Connes. We refer the reader to the works of A. Connes [2] , [3] , that of A. Connes and M.A. Rieffel [4] and that of M.A. Rieίfel [20] . M.A. Rieffel also studied the example in [17] , [18] from the viewpoint of Morita equivalence. The author studied another example of C*(Q\N) in [12] , [13] .
From these considerations, we begin to study C*-algebras of reductions of differentiable dynamical systems. Let (M, G) be a differentiable dynamical system. We denote by Q the topological groupoid G x M and denote by C*(Q) the reduced C*-algebra associated with Q. We have a regular representation p x of C*(Q) on a Hubert space % x for every x e M. For the moment we assume that G is connected and that C*(G) is simple. We set B x = Px(C*(Q)) and denote by B the disjoint union of C*-algebras B x (x G M). We may consider elements a of C*(Q) to be cross sections cs(a) : x \-+ ρ x (ά) of the bundle B on M. Continuous fields of C*-algebras have been studied by many authors. We refer the reader to the book of J. Dixmier [5] , those of J.M.G. Fell and R.S. Doran [8] , [9] , the work of B.D. Evans [6] and that of M.A. Rieffel [19] . Since we study C*-algebras associated with differentiable dynamical systems, it is natural to consider differentiable structure for fields of C*-algebras. In the previous paper [14] , the author introduced the notion of differentiable bundles of C*-algebras and that of connections in them. A. Connes first introduced the notion of connections into the theory of C*-algebras in [2] . He defined the notion in the setting of projective modules. On the other hand, our definition of connections is in the setting of bundles of C*-algebras and it is a literal translation of that in the setting of vector bundles, except that our connections are compatible with *-algebraic structures possessed by fibers.
In this paper, we introduce a notion of a transverse action σ for (M, G) and we construct a family T σ of local coordinate systems for B from local charts of (M, G) compatible with σ. Then T σ defines a differentiate structure for B. Next, we prove that the above cross section cs(f) is differentiate with respect to the norm topology for every / G C™(G). We define a flat connection V in B with respect to T σ . Though B is homeomorphic to the trivial bundle M x C*(Q), the differentiable structure for B is not trivial, that is, V is not trivial. Let B σ be the subbundle of B generated by elements / with the property V(cs(/)) = 0. Then B σ is trivial, that is, the restriction of V to B σ is trivial. We denote by RM(B X ) the right multiplier algebra of B x and denote by RM(B) the disjoint union of Banach algebras RM(B X ) (x G M). There exists a differentiable structure for RM(B) such that B is a subbundle of RM(B) and such that V extends to a flat connection V r in RM(B). In the case where (M, G) is a Kronecker dynamical system, we give a decomposition of B into a trivial part and a non-trivial part. There exists a subbundle D of RM(B) such that every fiber D x is *-isomorphic to the commutative C*-algebra C(Ύ) and such that B^D X generates B x . Let V r be the restriction of V r to D and let Φ x be the holonomy group of V r with reference point x. Note that Φ^ is a subgroup of the group Ant(D x ) of all *-automorphisms of D x . Let N be a σ-invariant closed connected submanifold of M with dimiV = 1. Then we show that the C*-algebra C*(G\N) is *-isomorphic to the reduced crossed product C*(D X , Φ x ) oΐD x by Φ^. This result means that B decomposes into the trivial bundle B σ and the non-trivial bundle D and that D corresponds to the reduction of (M, G) by N. This situation was studied by M.A. Rieffel in [17] , [18] from the viewpoint of projective modules. Our result describes the same situation from the viewpoint of vector bundles.
When G is not connected, we also define a differentiable bundle B associated with a transverse action for (M, G) and define a flat connection V in B. But, in this case, B x is larger than ρ x (C*(Q)) and cross sections cs(f) may not be differentiate. We define a cross section cs m (f) ofB for / G C£°(G) and every connected component m of (7, and we show that the cross sections cs m (f) are differentiable. The *-algebra V x generated by elements of the form cs m (f) x is dense in B x with respect to the strong operator topology. The above results are valid even if G is discrete.
To find a transverse action for a given dynamical system (M, G), it may be useful to consider the universal covering space M of M. Suppose that the action of G on M lifts to an action of G on M.
(If G is simply connected, this assumption is satisfied.) If there exists a transverse action for (M, G) and if it is compatible with the covering map, then we have a transverse action for (M, G). But we do not know any interesting examples of transverse actions for dynamical systems (M, G) such that the connected components G e of G are not abelian, and it is difficult to find such examples. This is the problem for further investigation.
Preliminaries, (a)
Commutative dynamical systems. Let (M, G) be a topological transformation group. We assume that a topological space M and a topological group G are second countable, Hausdorff and locally compact. We denote by Q a topological groupoid G x M with the following operations; s(g 1 x) = (e, x),
, where e is the unit of G. We set
Let μbea right Haar measure on G and Δ be the modular function of G. We define a right Haar system {v x \ x G M} on Q by v x = μ x δ x . Let C C {Q) be the *-algebra of continuous functions with compact supports, where the product and the involution are defined as follows: = / fi(g~ι,g'gχ)f2(9'g,χ) dμ(g'), JG for /, f u / 2 , G C c (£?) and (#, x) G {?. We denote by U x the Hubert space L 2 {G x ,v x ) for x G M. We define the regular representation
We define the reduced norm Il/H by 11/11 = sup x€M \\p x (f)\\. We denote by C* r {G) the completion of C C (Q) by the reduced norm. The representation p x extends to a representation of C*(ί/), which we denote again by ρ x . For details of groupoids and their C*-algebras, we refer the reader to [1] , [3] and [16] . We introduce a *-algebra of functions on G x G. Let C be the set of bounded continuous functions K on G x G with the following property; there exists a compact set D in G such that supp K C G x D. The set D may vary when K varies. Then C is a *-algebra with the following product and involution;
for K,K 1 ,K 2 eC and (g,g') eGx G. We denote by U the Hubert space L 2 (G,μ) . We define a ^representation p of C on % by
We can prove the following lemma by a similar computation to that in the proof of Lemma 1. We assume that a real manifold M is second countable, Hausdorίf and of class C°°. Let B be a topological space, C be a C*-algebra and 7Γ be a continuous map of B onto M. We set B x = τr"" 1 (α:) for x e M and suppose that B x is a C*-algebra. (It is easy to rewrite the rest of this section for Banach algebras C and B x . We leave it to the reader.) Let {Ui} be an open covering of M indexed by a set / and ψi be a homeomorphism of π~1(f/i) onto U{ x C such that pi o ^(6) = τr(6) for b G τr"~1(C/i) 5 where pi : Ui x C -> U{ is the projection. For i 6 f/j, we define a map ψi iX of B x into C by ψi,x(b) = ί>2 ° ^(6) f°r & £ #z> where P2 : i/< x C -> C is the projection. We denote by .F the set of pairs (Ui, ψi) (i G /). Let T be a family satisfying the above condition (i). We say that T is a flat family of C*-coordinate systems if it satisfies the following conditions:
(iii) For every z, j £ I with £/ t Π Uj Φ 0 and for every connected component U of Ui Π f/ J5 there exists a *-automorphism α of the C*-algebra C such that α = ψi iX o ^J for all x £ U.
Let £ be a map of an open set U of M into τr~1(C7) such that fl"(6c) = # for £ G (7. For i G / with UiΠU Φ 0, define the map £ oϊUiΠU into C by ξf(a ) = ψi, x (ξ x ). We say that £ is a differentiable cross section on £/ if ^ is of class C°° for every i 6 / with UiΠU φ 0. 
ηeV, f e C°°{M]R) and X e Γ(ΓM).
Suppose that the family T is flat. Let V be a connection in B with domain Γ(J5) and (V, Xχ ? ... , x n ) be a local coordinate system in M. For ξ G T(B) and i G /, we set ^(x) = ψi, x (ξ x ). We say that V is a flat connection if we have 2. Transverse actions and bundles of C*-algebras. Let M be an n-dimensional real manifold of class C°° and G be a p-dimensional real Lie group of class C°°. In the following sections, we assume that M and G are second countable and Hausdorff and that 0 < n < oo and 0 < p < oo. If p = 0, then G is a countable discrete group. Moreover we assume that M is connected. Suppose that (M, G) is a differentiable dynamical system, that is, (M, G) is a transformation group and the map (#, x) »-» gx of G x M into M is of class C°°. Let G e be the connected component of the unit e in G. We denote by Λί the countable discrete group G/G e and denote by G m the connected component of G corresponding to m G Λί. We take notations from §1, and also use the following notations; (
Let (J7, <£>) be a local chart compatible with σ as above. We set
. In the following we assume that σ is a transverse action for (M,G). It follows from Proposition 2.6 that there exists a unique topology on B such that π is continuous and ^ is a homeomorphism for all i e I. Since M is connected, the C*-algebras C x are mutually * -isomorphic. Therefore, for a fixed x 6 M, we set C = C x and fix a *-isomorphism between C and C Xi for every i £ I, and then we identify C Xi with C by this isomorphism. Thus we consider ψ iiX to be a *-isomorphism of B x onto C and ^ to be a homeomorphism of π~ι(Ui) onto Ui x C. By virtue of Proposition 2.6, we have the following theorem: THEOREM 
Suppose thatσ is a transverse action for (M,G). Then the quartet (B, π, M, C) constructed above is a differentiable bundle of C*-algebras with respect to the flat family T σ of C*-coordinate systems.

Differentiable cross sections. For / e C^°(Q)
If G is connected, we set cs(/) = cs e (f), where ΛΓ = {e}, and we have cs(f) x = Pz(/). Let σ m : R n~p -> Diff (M) be a differentiable action such that σ m = goσog~ι ΐoτ every g G G m . We prepare a lemma for proving the differentiability of cs m (f). LEMMA 
For F e C™(R n~p x Q) and t e R n~p , define an element F t of C%°(G) by F t {g,x) = F(t,g,x).
Let ).
(υ) of V into [/ by x(υ) = ^x(^) and define C°° maps p(v) of F into S and ί(v) of V into Γ by ^(a (t )) = (g(v),t(v)).
We have g(v)~ιx(v) -σ^)^), where X{ = (^~1(e, 0). We define an element F of C°°(E np x G) by F{t,g,x) = J{g,σψ{x)). We have W " F *ί«)ll-for u, v e V.
Let E be a compact set in G such that supp / C E x M. It follows from Lemma 1.
that we have \\η(v) -η(u)\\ < -Γs 11-ί^t(v) "~ -Pt(u) I loo • By virtue of Lemma 3.1 we know that η is continuous on V.
Let ei,... , e n be the standard basis of W 1 and Vi,... ,υ n be coordinate functions of R n associated with ei,... ,e n . We fix an element u of V. For a fixed k = 1,... ,n, let £ > 0 be such that n + hβk G V for \h\ < δ. We denote by J the interval {/ι; \h\ < δ} in R We define a C°° map τ of J into Γ by r(Λ) = ί(u + he k ). For j = 1,... , n -p, we define an element ff of Cf(Q) by ίf(g, x) =( a/a^Oα^,^-^)))!^. We set t(v) = (ti(^),... ,*n-p(^)) and r(Λ) = (ri(Λ),..
. ,τ n _ p (h)).
We define an element α of C™ (G) by
α(^,x) = Σ]ZΪ(dF/dt j )(τ(0),g,x)(dτ j /dh)(0).
It follows from We have ||tf Λ ||oo < \\h-\F τ{h) -F τ «») -α||oo. We set ξi = cs m (/™) and define maps ξ{ of ί/ 2 onto C and zy 7 of V into C by ^/(x) = Ψi,χ (ζχ) an( l ^ = ζί ° ΨQ 1 respectively. It follows from Lemma 1.2 that we have
Therefore we have (dη/dv k )(u) = Σ™Iι η j (u)(dtj/dvk)(u).
As we have seen in the first half of this proof, rf is continuous on V. 
Recall that T(B) is not only a *-algebra but also a C°°(M) -module. We denote by V the *-subalgebra of Γ(B) generated by elements of the form ω cs m (f) with / G C™(Q), m e λί and ω e C°°(M). Then V is also a C°°(M)-submodule of Γ(B).
For x £ M, we set I> x = {ξ x e B X) ξ e V}. Note that V x is the *-subalgebra of B x generated by elements of the form p x (f)P™ with / G C™(Q) and m e λί. If Λf is finite, then V x is dense in the norm topology of B x for every x e M. If Λ/" is infinite, then Z^ may not be dense in the norm topology, but it is dense in the strong operator topology of B x by Lemma 2.1.
Flat connections.
It follows from Lemma 1.6 that there exr ists a unique flat connection V in B. In this section we calculate V(c5 m (/)) explicitly. In the rest of this section, we assume that G is connected and that C*(Q) is simple. The following proposition shows that the bundle B is topologically trivial, but the differentiate structure for B is not trivial as we shall see in the next section. PROPOSITION 
Suppose that G is connected and that C*{G) is simple. Then the bundle B is isomorphic to the product bundle M x C*(G) as topological vector bundles.
Proof. We set A = C*(Q). Since G is connected, we have ρ x = ρ x . Since A is simple, ρ x is a *-isomorphism of A onto B x . For i G /, we define a *-isomorphism θi jX of A onto C by θ ϊjX = φi jX o ρ x , where (U{, ψi) G T σ . For α G A, we define a map τ? α of U{ into C by r? α (x) = Θ 2> (α). For / G C?(G), it follows from the proof of Theorem 3.2 that ηj is continuous. Since Q^x is isometry, the map (x, a) Let [α, 6] be a closed interval in E, and 7 : [α, 6] -» M be a smooth curve, that is, 7 extends to be a C°° map of (α -ε, 6 + ε) into M for some ε > 0, which we denote again by 7. We shall say that a map ξ of [α, 6] into D is a smooth curve in D if ξ extends to be a map of (a -ε, b + ε) into D, which we denote again by f, such that π r (ξ(t)) = 7(ί) and the map t ^ <%(*)(£(*)) is of class C°°f or every i G /. Next suppose that 7 is a piecewise smooth curve. By definition there exists a partition a = αo < α x < < α* = 6 such that 7| [ Next, we suppose that μ is rational, say μ = p/q for relatively prime integers p and q. There exist integers a and b such that pbqa = 1. We define a diffeomorphism S of M as follows; S(x\,X2) = {px\ -qx2,-ax\ + bx2) for (xi,^) £ -W. We set i/ = (-a + bθ)/(pqθ) and define actions F and σ by F t = S o F/ o S~ι and σ* = S oσ t o S~ι. Then we have F t = F£_^) t and α* = JFJ». Since the system (M, F β , σ) is conjugate to (M, F, σ) by 5, we have a similar result to that obtained above. Note that C*{Q\N) is *-isomorphic to A v for every σ-invariant closed connected submanifold N with dim N = 1. We can summarize the conclusion just obtained as follows: (b) An action of a semi-direct product group. Let S be an element of SL(2, Z), λ be an eigenvalue of S and (1, θ) be an eigenvector of S with respect to λ. We suppose that θ is real and irrational. Let G be a semi-direct product group of Z and R defined by (n, ί)(m, s) = (n + M,λ~mί + 5) for (n,ί), (171,5) € Z x R. We may identify the group Λί with Z and a connected component G m is the set of elements of the form (m, t) (t G M) for m 6 Z. Let M be the torus T 2 . Since we have SFf = Fχ t S, we can define an action of G on M by (n,ί) x = S n F°(x) for (n,ί) e G and x e M. Let j/ be the other eigenvalue of S and (l,μ) be an eigenvector of S with respect to v. We set σ t = Ff for ί GR. AS in (a), σ is a transverse action for (M, G). Let (B, π, M, C) be a differentiate bundle of C*-algebras with respect to the family T σ and let V be the flat connection in B. It follows from Theorem 4.2 that we have V(cs m (/)) = u m (adx ι + bdx 2 ) ® C5 m (/i), where a = -θ/(μ -0), 6 = l/(/i -θ) and / x -d//^ + μ(df/dx 2 ) for m G Z and / G C c°°( £) We denote by N the submanifold {0} xTofM and denote by 5(5,λ) the reduction C*-algebra C;{Q\N). This algebra was studied in [12, 13, 14] . It follows from [7] and [13] that it is a simple algebra. We do not have any results concerning relations between the bundle and the algebra B(S,\). This is the problem for further investigation.
(c) Actions of discrete groups. Let (M, G) be a differentiate dynamical system with G discrete and let σ : 
